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Random walks, as one of the classical dynamics on networks, are capable of extracting information on the struc-
ture of interacting systems. While existing studies have extended classical network random walks to higher-order
networks, prevailing models primarily assume linear relationships between transition probabilities and node hy-
perdegrees or hyperedge sizes, which inadequately represent the nonlinear properties of higher-order interac-
tions. To address this, we propose a nonlinear random walk on hypergraphs that explicitly considers higher-order
collaborative structures and nonlinear dynamics. By introducing a nonlinear mapping between transition prob-
abilities and node hyperdegrees, we go beyond the linear assumption constraints of traditional random walks.
Specifically, the probability of a node selecting a hyperedge is inversely proportional to a power function of
its hyperdegree, where the power exponent is determined by the interaction order. We first conduct qualitative
analysis of the model on star-clique structures, comparing it with classical random walk and linear random walk
to reveal the mechanism by which higher-order interactions influence node importance rankings. Subsequently,
we conducted node removal experiments on three large-scale datasets to validate the effectiveness of the model
by comparing three structural integrity metrics. The results indicate that the proposed model consistently outper-
forms both Classical and Linear models across all datasets and metrics. These findings confirm that accounting
for the nonlinear characteristics of higher-order interactions is essential for both accurately identifying critical
nodes and understanding system robustness.

1. Introduction

Complex systems are ubiquitous in nature and society, manifesting
across diverse domains from biological ecosystems and neural networks
to social organizations and technological infrastructures. These systems
are characterized by numerous interconnected components that collec-
tively exhibit emergent behaviors, self-organization, and adaptive ca-
pabilities that transcend the properties of individual constituents [1].
The intricate web of relationships within complex systems gives rise
to non-trivial dynamics, including nonlinear responses to perturbations
[2], critical transitions [3], and scale-invariant properties that cannot
be explained by examining components in isolation [4,5].

In response to the analytical demands of complex systems, network
science has emerged as a crucial methodology and ideal tool for ex-
ploring complexity through its capacity to structurally represent entity
interactions—a mathematical framework that depicts entities as nodes
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and their relationships as edges [6-9]. Previous research has revealed
that many interacting systems with vastly different functions exhibit re-
markably similar structural properties across different scales [10]. From
biological networks and brain connectomes to social networks and trans-
portation systems, universal organizing principles such as small-world
properties, scale-free degree distributions, and modular architectures
continually emerge. These structural characteristics significantly influ-
ence the dynamical processes occurring on networks [11], including in-
formation diffusion, epidemic spreading, synchronization, and random
walks. However, traditional network models are fundamentally limited
to pairwise interactions, capable of encoding only pairwise interactions
[12]. In many real-world systems, interactions between entities are not
confined to relationships between pairs of nodes, but rather manifest
as higher-order cooperative interactions among multiple groups (> 3)
[13]. For example, synchronized firing of neuronal clusters requires
multi-cellular electrical signal resonance to achieve cognitive functional
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transitions [14]; cascade outbreaks of public opinion in social systems
are often triggered by three or more core users [15]; and gene regula-
tion in biological systems depends on the synergistic action of multiple
transcription factor complexes [16]. Similarly, power distribution net-
works rely on the synchronized operation of multiple substations and
switching nodes, where voltage stability can be maintained through col-
lective coordination rather than individual node performance [17]. Dis-
tributed computing systems require coordinated processing across mul-
tiple server nodes for data partitioning, parallel computation, and result
aggregation [18]. In these infrastructure systems, the failure or disrup-
tion of components can trigger cascading effects that propagate through
higher-order dependencies, making traditional pairwise models insuf-
ficient for reliability assessment and risk management [19,20]. These
higher-order interaction effects cannot be achieved through simple ag-
gregation of pairwise relationships and require mathematical tools such
as hypergraphs or simplicial complexes to construct higher-order net-
works for their representation.

The mathematical frameworks of hypergraphs and simplicial com-
plexes have enabled researchers to formalize higher-order interac-
tions and develop analytical tools for studying the resulting dynamics
[21-23]. While simplicial complexes enforce hierarchical inclusion of
lower-dimensional simplices, hypergraphs offer greater flexibility by al-
lowing arbitrary group formations, making them particularly suitable
for systems where higher-order interactions need not contain all sub-
group interactions. These mathematical structures provide the founda-
tion for modeling complex systems where interactions occur among mul-
tiple entities simultaneously, moving beyond the limitations of tradi-
tional graph-based representations.

The recognition of higher-order interactions has fundamentally
transformed our understanding of dynamical processes on complex sys-
tems. Recent studies have demonstrated that incorporating higher-order
interactions leads to qualitatively different behaviors across various dy-
namical processes compared to traditional network models limited to
pairwise interactions [24]. These emergent phenomena include abrupt
phase transitions in spreading processes [25], enhanced synchronization
stability [26,27], and novel pattern formation in reaction-diffusion sys-
tems [28]. Furthermore, recent research has revealed that the spectral
properties of higher-order Laplacian operators, which govern numer-
ous dynamical processes, exhibit fundamentally different characteristics
compared to their graph counterparts [29]. These differences manifest
in altered diffusion patterns, modified community structures, and dis-
tinctive centrality measures.

It is noteworthy that among the various dynamical processes studied
on higher-order structures, random walks represent a fundamental dy-
namical process with far-reaching applications across diverse fields, pro-
viding profound insights into diffusion processes, community detection,
and centrality measures in complex systems. However, existing random
walk models typically assume pairwise interactions and linear dynam-
ics, failing to capture the complexity of many real-world systems. This
recognition necessitates the development of more sophisticated math-
ematical frameworks. In this paper, we investigate higher-order group
interactions using hypergraph representations, with a particular focus
on their nonlinear dynamical properties. We introduce a nonlinear func-
tion to establish the mapping between transition probabilities and node
hyperdegrees, overcoming through the linear assumption constraints in-
herent in traditional random walks, and develop a nonlinear random
walk model on hypergraphs that captures higher-order interaction ef-
fects.

The remainder of this paper is organized as follows. Section 2 pro-
vides an overview of related literature. In Section 3, we propose a non-
linear random walk model on hypergraphs with high-order interactions,
and analyze the convergence of the model. In Section 4, we conduct ex-
tensive simulation experiments to explore the fundamental properties of
the proposed random walk model in high-order structures, thereby gain-
ing deeper insights into the qualitative behavior of the model. We also
perform comprehensive experimental validation to evaluate the perfor-
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mance of the model in critical node identification. Finally, Section 5
concludes the paper and briefly discusses future research directions.

2. Related work

This section reviews the literature on higher-order network dynam-
ics, with a particular focus on the research progress and applications of
propagation dynamics and random walk models based on hypergraphs.

2.1. Dynamics on higher-order networks

Recent years witness growing interest in the dynamics of complex
systems with higher-order interactions. In higher-order networks repre-
sented by hypergraphs or simplicial complexes, collective interactions
among groups of nodes can fundamentally alter system dynamics. Bat-
tiston et al. [30] provide a comprehensive review of this emerging field,
highlighting the fundamental differences between dynamics on these
structures compared to traditional network processes.

In epidemic modeling, Bodé et al. [31] introduce a generalized SIS
model based on hypergraphs, in which an infection occurs if sufficiently
many infected individuals coexist within a hyperedge. This formula-
tion reveals that the epidemic threshold is influenced by hyperedge
size and internal composition, with nonlinear infection dynamics aris-
ing from higher-order exposure. Building on this framework, researchers
extend this approach to simplicial complexes, considering infections oc-
curring in triangles and higher-dimensional simplices [15]. Their find-
ings demonstrate that continuous and discontinuous phase transitions
emerge depending on the order and strength of group interactions—
phenomena intrinsically absent in binary networks.

To explore the role of temporal and adaptive higher-order structures,
researchers [32] investigate contagion processes on time-varying hyper-
graphs, showing that the formation and dissolution of dynamic hyper-
edges significantly impact spreading efficiency and critical thresholds.
Subsequent work by Arruda et al. [33] incorporates memory and rein-
forcement mechanisms into higher-order contagion, demonstrating that
repeated contacts within small groups substantially alter contagion dy-
namics and may trigger abrupt transitions.

Recent studies introduce nonlinear threshold mechanisms on hyper-
graphs. The contagion model proposed in reference[34] incorporates
group influence within hyperedges and shows that higher-order expo-
sure can induce rich dynamical patterns, including multistability, in-
termittency, and mixed-phase transitions. The authors note that both
hyperedge size and adoption thresholds significantly affect the macro-
scopic behavior of system, further highlighting the critical role of higher-
order topology in determining the collective dynamics of social influ-
ence. Furthermore, other dynamical processes, such as consensus forma-
tion [35,36] and synchronization [37], are also generalized to higher-
order frameworks.

2.2. Random walks on hypergraphs

Random walks represent a fundamental class of dynamical processes
on complex networks. On classical networks, random walks can be di-
vided into two steps: i) At each time step, the random walker at the
current node randomly selects an available edge with uniform prob-
ability; ii) The walker jumps to one of its adjacent nodes through this
edge. Based on the classical model, scholars have considered many vari-
ants[38,39]. Similarly, random walks can be defined on higher-order
networks. In simplicial complexes, Schaub et al. proposed random walks
by generalizing the relationship between graph Laplacians and ran-
dom walks on graphs, where random walkers occupy edges rather than
nodes[40]. In addition, researchers considered special cases of simpli-
cial complexes where each edge is included in at most two 2-simplices,
proposing another type of random walk on simplicial complexes[41].
According to their formulation, at each time step, a random walker at a
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2-simplex remains stationary with probability 1/2, or transitions to one
of the three edges with probability 1/6 each.

Unlike simplicial complexes, hypergraphs can represent interactions
of any order, allowing for more general random walk formulations. Zhou
et al. [42] proposed a random walk model on weighted hypergraphs,
where the random walker first selects a hyperedge from all hyperedges
containing the current node with probability proportional to the hyper-
edge weight, then uniformly selects a node within that hyperedge. We
refer to this approach as the Classical Random Walk (CRW) throughout
this paper. Carletti et al. [43] developed a linear random walk frame-
work for hypergraphs. In their model, the transition probability from
node i to node j is linearly proportional to the total size of all hyper-
edges containing both nodes. This mechanism naturally leads to random
walkers spending extended periods within larger hyperedges, as these
structures are selected with higher probability during the transition pro-
cess. This approach is denoted as the Linear Random Walk (LRW) in our
subsequent analysis.

Several researchers have investigated the properties of random walks
on random hypergraphs [44], particularly in the case of a unique giant
component. Through spectral decomposition methods, they analyzed
the asymptotic behavior of hitting times, commute times, and cover
times, demonstrating that these results exhibit universality compara-
ble to random walks on random graphs. Furthermore, beyond assign-
ing weights to hyperedges, node weights can also be considered [45],
where nodes within the same hyperedge are allocated different weights.
In this weighted framework, the probability of a random walker select-
ing a hyperedge is the ratio of the hyperedge weight to the degree of
the current node, and the probability of selecting a node is the ratio of
the node weight to the degree of the hyperedge. Recently, Li et al. [46]
introduced a multi-order graph obtained by incorporating the higher-
order bipartite graph and the classical pairwise graph, thereby preserv-
ing both binary relationships and high-order interaction information
between nodes in the same model, and designed a Higher-order aug-
mented random walk model through random walking on the proposed
multi-order graph.

Although existing random walks on hypergraphs have provided valu-
able analytical frameworks for higher-order networks, these approaches
are typically based on linear assumptions, presuming that the transi-
tion probabilities exhibit a linear relationship with the node’s hyperde-
gree or the weights of hyperedges. This assumption fails to adequately
capture the complexity of higher-order interactions involving multiple
entities, potentially leading to an inaccurate representation of the dy-
namics of real systems. This paper constructs a nonlinear random walk
on hypergraphs with higher-order interactions, providing a novel tool
for complex systems modeling and helping to reveal the influence of
higher-order interactions on nodes ranking in higher-order networks.

3. Methods
3.1. Definition of a hypergraph

Hypergraph structures can represent fundamentally different scenar-
ios. In some cases, the specific set of entities is semantically meaning-
ful. For instance, a research paper represents a collaboration among a
specific group of authors, where adding or removing any author cre-
ates a fundamentally different entity. In other cases, hypergraphs sim-
ply serve as a structural formalism to aggregate pairwise interactions.
To distinguish these different interpretations, it is necessary to pre-
cisely define higher-order interactions. An interaction is defined as a
set I = {py,p;,.px_1} containing any k basic elements in the system,
which are called nodes. Such interactions can describe different sce-
narios in real systems, such as co-authors of scientific papers, a set of
genes required to perform a certain function, and so forth. The order
of an interaction involving k nodes is defined as k — 1, where a node
interacting only with itself represents a 0—order interaction, interaction
between two nodes is 1-order, interaction among three nodes is 2-order,
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and so on. Furthermore, k-interactions with k > 2 are higher-order in-
teractions, while interactions with k < 1 are lower-order interactions.
Therefore, lower-order systems are those occurring in self or pairwise
interactions, whereas higher-order systems represent systems composed
of group interactions involving more than two elements.

Let us consider a hypergraph H(V, E), where V = {v,v,, -+, v,} and
E ={E|,E,, -, E,)} represent the nodes set and the hyperedges set re-
spectively, such that for any a« = 1,2, ---,m, we have E, C V. Then, the

elements c;, of the incidence matrix C,,, can be expressed as

if v €E,

otherwise.

€8]

This matrix describes the information shared between nodes on hyper-
edges. The adjacency matrix A can be represented by the incidence ma-
trix as A;; = CcCT — D, where 4; ; indicates the number of hyperedges
that contain both nodes v; and v;, D is a diagonal matrix, and cT is
the transpose of the incidence matrix C. D;; represents the number of
hyperedges to which node v; belongs, which is the hyperdegree of the
node. For notational convenience, we denote the hyperdegree of node v;
as d; = ), ¢, in the subsequent discussion. The hyperedge matrix is de-
fined as K,; = CTC, where k,; counts the number of nodes in E, n Ej.
The number of nodes in hyperedge E, is called the hyperedge degree,
also known as the size of the hyperedge, denoted as |E,| = Y o) ¢io-
Fig. 1(a) provides an example containing 6 nodes and 3 hyperedges,
with the corresponding incidence matrix C, adjacency matrix A, and
hyperedge matrix K shown in Figs. 1(b), 1(c), and 1(d), respectively.

3.2. Nonlinear random walks on hypergraphs

The key to random walks lies in defining the transition probability
from the current node to the next node at each time step. In classical ran-
dom walks on hypergraphs, the walker selects any adjacent node with
uniform probability. However, this simplified model fails to adequately
capture the complex higher-order interactions among multiple entities
in real-world systems. In fact, nodes belonging to the same hyperedge
exhibit specific collaborative relationships, and as the order of interac-
tion increases, the complexity of achieving effective collaboration grows
nonlinearly. Taking scientific collaboration networks as an example, a
paper co-authored by multiple researchers can be represented as a hy-
peredge, with each author constituting a node. Hyperedges of different
orders represent different collaboration patterns, and the higher the or-
der, the more complex the coordination mechanisms required, which
cannot be simply regarded as a linear combination of lower-order in-
teractions. In the framework of random walks with higher-order inter-
actions, adding nodes not only alters the structure of the hypergraph
but also requires consideration of the higher-order interaction effects
brought by the nodes. This makes the interactions between nodes more
complex and directly affects the calculation of transition probabilities.
This structural change means that an increase in nodes will lead to
more complex dynamic behaviors, influencing the movement paths of
the walker within the hypergraph. Therefore, hyperedges and their con-
stituent nodes have clear physical meanings, reflecting the complex col-
laborative mechanisms in real systems, which cannot be accurately de-
scribed by simple uniform probability models.

We introduce a novel hypergraph random walk framework that ex-
plicitly accounts for the varying interaction complexity represented by
hyperedges of different sizes. The walker’s transition mechanism con-
sists of two phases: first, selecting a hyperedge based on a hyperdegree-
dependent nonlinear probability distribution, then uniformly choosing
anode within the selected hyperedge. Specifically, the probability of the
current node selecting a hyperedge is inversely proportional to a power
function of its hyperdegree, where the power exponent equals the in-
teraction order (i.e., the number of nodes in the hyperedge minus one).
This formulation naturally captures the nonlinearly increasing coordi-
nation difficulty as group size grows, reflecting the essential character-
istics of complex collaborative relationships in real-world scenarios. We
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(b) E, E, E3
vy 1 1 1
v, 1 1 1
V3 1 0 0
Vy 1 0 0
vs | 0 1 0
Vg 0 0 1
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Fig. 1. (a) A hypergraph with 6 nodes and 3 hyperedges; (b)-(d) are the incidence matrix, adjacency matrix and hyperedge matrix of (a), respectively.
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Fig. 2. Schematic diagram of the random walk process, the red node represents the node occupied by the walker.

refer to our proposed approach as the Nonlinear Random Walk (NRW).
Formally, the probability for node v; to select hyperedge E,, is

—(1E,|-1)
d' (3
Pum — @
ia 4 Es=D
Zﬂ:ieEp i

Here, d; represents the hyperdegree of node v;, and | E,| — 1 reflects the
order of interaction. The higher the order of interaction, the smaller
the probability of selecting the hyperedge. The denominator is used for
normalization, ensuring a uniform selection among the connected hy-
peredges. After selecting the hyperedge E,, the walker transfers to a
node within the hyperedge with a uniform probability of 1/|E,|. There-
fore, we can deduce the transition probability as

—(1EqI-1)
1 d, 1

T. = . R B B
i Z Pia " TE] =50 " [E,] ®
aii.jea “ Zﬂ:ieE,; d; ¢

At each time step, the walker selects a node to jump to based on the
transition probabilities. As shown in Fig. 2.

When all hyperedges in the hypergraph contain exactly two different
nodes, that is, |E,| = 2 for any « = 1,2, ---, m, the hypergraph appears to
degenerate into a network with each hyperedge corresponding to an
edge. In this case, the transition probability simplifies to

: A,
Th = — o=z 4
i

This differs from the Classical Random Walk transition probability
Ti;’””"”’ = ’:{—’ij by a factor of %, here k; represents the degree of node
v; in the network. The essential difference is that although each hyper-
edge contains only two nodes, the hypergraph structure remains fun-
damentally distinct from networks because hyperedges naturally allow
self-transitions. In a hyperedge E, = {v;,v;}, node v; can transition to
itself with probability %, while networks generally do not contain self-
loops.

3.3. Existence of stationary distribution

Having established the transition probabilities for hypergraph ran-
dom walks, we proceed to investigate the temporal evolution behavior
of the random walk. We prove the existence of a stationary distribution
for the proposed hypergraph random walk.

Assuming the hypergraph H is connected, the random walk pos-
sesses a steady-state distribution. To demonstrate this, we first formu-
late the dynamical equation that governs the temporal evolution of the
probability vector p(r) = (p; (1), p5 (), ..., p, (1)), where p;(r) represents the
probability of finding the walker at node i after ¢ steps. The evolution
of this probability distribution is governed by the equation

ptt+ 1) =pOT, ()

where T is the transition matrix with elements 7};, and the equation cor-
responds to a Markov chain. For a connected hypergraph H, the random
walk defined by the transition matrix T converges to a unique steady-
state distribution  that satisfies # = #T. To establish this convergence,
we need to show that the corresponding Markov chain is irreducible and
aperiodic.

Since the hypergraph H is connected, for any pair of nodes i and j,
there exists a sequence of hyperedges that connects them. Specifically,
there exists a path of hyperedges E, ,E,,,..., E, such thati€E,,
j€e Eak, and Ea, n E,,H] #@ forl=1,2,...,k— 1. For each consecutive
pair of hyperedges sharing at least one common node, the walker can
transition from any node in one hyperedge to any other node in the same
hyperedge with positive probability, and then move to the adjacent hy-
peredge through the shared node. This establishes that there exists a
finite number of steps ¢ such that (7*);; > 0 for all pairs (i, ), proving
irreducibility.

For aperiodicity, consider any hyperedge E, with |E,| > 3. For any
node i € E,, the walker can perform a two-step return v; — v; = v;
within this hyperedge, which yields (T'?),; > 0. Under structural diversity
conditions typically satisfied by real-world hypergraphs, different return
path lengths can be constructed, such that the greatest common divisor
of m : (T™); > 0 equals 1, establishing aperiodicity (detailed proof in
Supplementary Materials).
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By the Perron-Frobenius theorem, an irreducible and aperiodic
stochastic matrix admits a unique stationary distribution.

4. Experiments

The stationary visitation probability of random walks serves as a
crucial metric for characterizing node centrality in networks, reflect-
ing the long-term probability distribution of a walker’s visits to each
node obtained from numerical simulations. Ranking nodes according
to this probability distribution can effectively identify important nodes
within the network: the higher the probability of a walker visits a partic-
ular node, the greater its importance or centrality in the network. This
centrality measure based on random walks has been extensively applied
across various domains of network analysis, including web page ranking,
social network influence analysis, and identification of key proteins in
biological networks. However, the presence of higher-order interactions
can significantly alter the importance ranking of nodes. In hypergraph
structures, the scale and heterogeneity of hyperedges influence the tran-
sition probability distribution of random walks, thereby modifying the
stationary distribution. This makes traditional centrality measures based
on pairwise connections potentially inadequate for accurately reflecting
the true status of nodes in higher-order networks.

4.1. Toy example analysis

This section systematically analyzes the changing patterns of random
walk stationary distributions across different hypergraph structures, and
explores how higher-order interactions reshape the importance ranking
of nodes in networks. To demonstrate the impact of higher-order interac-
tions in our proposed random walk model on hypergraphs, we consider
a hypergraph with a specific structure. This hypergraph consists of m
hyperedges of size 3, all of which share a common node that we refer
to as the hub node (denoted as 4). Additionally, there is one node that
belongs to both one of the 3-hyperedge and a larger hyperedge of size k
(forming a clique structure). We term this node as the clique node (rep-
resented as c), as illustrated in Fig. 3(a) for the case where m = 4 and
k=6.

After establishing the structural characteristics of the hypergraph,
this study aims to validate that the proposed nonlinear random walk
can effectively reveal higher-order interactions in groups by examining
how it alters node importance rankings. To this end, we compare the
stationary probabilities pim) of three random walk approaches, and the
corresponding results are presented on the left side of panel (c).

Classical Random Walk is essentially performed on the projected net-
work, ranking nodes according to their degrees. Given that all m hyper-
edges are of size 3, with the hub node v, contributing a degree of 2 in
each hyperedge. When m > %, the hub node v, achieves a total degree of
ko = 2m, ranking first, followed by the clique node vg and other nodes. In
the Linear Random Walk, the transition probability between two nodes
is proportional to the total number of nodes contained in the hyperedges
they share. This linear weighting scheme overemphasizes local density.
As shown in panel (c¢) (orange bars), the ¢ node achieves the highest sta-
tionary probability, followed by clique nodes with approximately equal
probabilities. While the 4 node ranks only third despite its bridging role.
Nodes in the m hyperedges show the lowest probabilities. This demon-
strates that the linear model rewards local density over global structural
importance.

In our Nonlinear Random Walk, high-order interactions within large
hyperedges present nonlinear resistance to random walkers. In panel
(c) (blue bars), the h node maintains the highest stationary probabil-
ity p,(.°°), correctly reflecting its global bridging role, followed by the ¢
node. However, the pl(.°°) of other nodes exhibit a pattern opposite to
that of the linear method, the pl(.°°) values of nodes within the m hy-
peredges are significantly higher than those of clique nodes. This rank-
ing pattern demonstrates that the proposed model not only reflects how
higher-order interactions reshape node importance, but also captures
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the global structural roles of nodes across the hypergraph. Furthermore,
calculating the theoretical solution is crucial for validating our numeri-
cal simulation results and providing a precise mathematical benchmark.
The theoretical solution is equivalent to finding the left eigenvector cor-
responding to the eigenvalue of 1 for the transition probability matrix,
which represents the theoretical stationary distribution of the Nonlin-
ear Random Walk. In panel (c) of Fig. 3, we mark the theoretical so-
lution of the Nonlinear Random Walk with solid red dots, and we can
observe that the simulation values and theoretical values are in perfect
agreement.

First hitting time represents a fundamental metric in random walk
analysis, defined as the number of steps required to reach node v; for
the first time when starting from node v;. Given the stochastic nature
of random walks, the first hitting time between any pair of nodes varies
across different realizations. Consequently, we computed the average
first hitting time (FHT) to characterize this property, with our findings
illustrated on the right side of panel (c). Interestingly, when comparing
FHT across the three random walk models, we observe patterns that are
opposite to their stationary distributions. In the Classical Random Walk,
node A has the shortest FHT, followed by node ¢, and then other nodes.
In the Linear Random Walk, node c has the shortest FHT, followed by the
other nodes in the clique, then node A, and finally the remaining nodes
in the m hyperedges. In our proposed Nonlinear Random Walk, how-
ever, the FHT differences are substantially more pronounced. Node h
maintains an extremely short FHT, followed by node c, then the remain-
ing nodes within the m hyperedges, while the remaining nodes in the
clique exhibit exceptionally long FHTs. These findings clearly demon-
strate how higher-order interactions influence information propagation
efficiency—specifically, the higher the order, the greater the interaction
resistance, resulting in significantly reduced accessibility among nodes
within large hyperedges. This distinctive behavioral characteristic forms
a stark contrast with the predictions of traditional random walk models,
highlighting the unique advantages of our model in capturing higher-
order network dynamics.

Finally, we compared how the stationary probabilities p of nodes
h and ¢ depend on parameter m across the three random walk models. As
m increases, pf") consistently increases while p(c°°) decreases in all three
models. Interestingly, at m = 7, we observe that p;‘x’) nearly equals p*
in the linear model. Although the linear random walk inherently favors
nodes in larger hyperedges, node h compensates by participating in m
small hyperedges simultaneously. As m increases, the cumulative con-
tribution from these small hyperedges grows linearly. At m = 7, this cu-
mulative weight becomes comparable to the contribution of node ¢ from
one small hyperedge plus the large clique, demonstrating that breadth
of participation can offset the advantage of high-weight hyperedges in
the linear model’s additive structure.

4.2. Real-world experiments

To investigate the impact of higher-order interactions on random
walk dynamics and validate the effectiveness of the proposed models,
we construct hypergraphs from three empirical datasets spanning di-
verse domains. These experiments aim to demonstrate the advantages
of our approach in identifying critical nodes. Below we provide detailed
descriptions of these datasets.

4.2.1. Data description

We present three hypergraphs generated from real-world data across
different research domains, which will be used in subsequent sections
to validate the effectiveness of our proposed method. Table 1 provides
the topological properties of these hypergraphs, as well as the meanings
of nodes and hyperedges.

Scientist Collaboration Dataset. Scientific collaboration networks
represent a natural application for hypergraph modeling. We use a pub-
lication dataset from the American Physical Society (APS) journals, com-
prising 482,566 papers and 236,883 authors. Since some papers in the
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Fig. 3. An example of a star-clique structured hypergraph. (a) Hypergraph consisting of 5 hyperedges and 14 nodes, where the hub node v, has a hyperdegree of 4
with each hyperedge of size 3, and there is one large hyperedge of size 6. (b) The projected network of panel (a), where hyperedges are mapped to complete graphs,
resulting in four 3-complete graphs on the left and one 6-complete graph on the right, connected by the ¢ node vg. (¢c) When m = 4 and k = 6, corresponding to panel
(a), we compare the stationary distributions and first hitting times of Classical Random Walk, Linear Random Walk, and our proposed Nonlinear Random Walk. In
the stationary distribution on the left side of panel (c), we mark the theoretical solution of the nonlinear random walk stationary distribution with solid red dots,
and the first hitting times on the right is expressed in logarithmic scale. (d) Comparison of the stationary distributions of the three random walks for hub node /# and
clique node ¢ depending on m. The results are averaged over 100 independent realizations.

dataset involve hundreds of authors—typically indicating large-scale
collaborative projects that may introduce noise into the experimental
results—we filter the dataset to retain only papers with at most 50 au-
thors for constructing the scientific collaboration hypergraph. In this
hypergraph, each paper corresponds to a hyperedge and each author to
a node, yielding a final hypergraph with 228,008 nodes and 278,094
hyperedges.

Enron Email Dataset. The Enron Email dataset originated from the
U.S. Federal Energy Regulatory Commission (FERC) investigation into
the Enron corporate fraud case [35]. The constructed hypergraph con-

tains 149 nodes representing key employees and 1452 hyperedges rep-
resenting group Email communications. Each hyperedge connects one
sender with multiple recipients in the same Email thread, excluding self-
loop emails.

Geometry Dataset. The Geometry dataset is collected from Math-
Overflow.net, a question-and-answer platform for mathematics re-
searchers. The constructed hypergraph contains 580 nodes represent-
ing users and 1193 hyperedges representing geometry-related questions.
Each hyperedge connects a group of users who provided answers to the
same geometry question.
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Table 1

Summary of hypergraphs generated by three real-world datasets. The number of nodes N,
the number of hyperedges M, the average degree (k), the average hyperdegree (k"), and
the average cardinality of hyperedges (kf). The meanings of node and hyperedge in the

metadata are presented in Node and Hyperedge.

Dataset N M (k) (kMY (KE) Node Hyperedge

APS 228,008 278,094 12.88 4.68 3.84 Author Paper

Email-Enron 149 1452 25.16 31.32 3.08 Employee  Email

Geometry 580 1193 164.79 19.90 13.00 User Question
Table 2

Comparison of Mean Rank and AUC of Nobel Prize laureates in Physics across three

random walk models.

Method Classical random walk Linear random walk Nonlinear random walk
Mean rank 29,268 51,980 25234
AUC 0.8719 0.7722 0.8896

4.2.2. Experimental results

We first conduct experiments on the APS dataset. Due to the large
scale of this dataset, we perform 108 steps of random walks in each
experiment to reduce the impact of random fluctuations. The academic
influence of each author is determined by averaging the results of 50
independent experiments, which allows us to establish a ranking for
each author. An effective model should assign higher rankings to more
influential scientists. This dataset provides a natural benchmark for eval-
uating the effectiveness of the model in identifying important nodes.
identifying important nodes Nobel Prize laureates in Physics have made
profound impacts on the field and are widely recognized as the most in-
fluential group in this domain, which makes them an ideal benchmark
for evaluating model performance. The APS dataset contains 140 Nobel
Prize laureates in Physics. We evaluate the performance of the proposed
random walk in identifying key nodes using the mean rank of bench-
mark nodes and AUC, comparing it with Classical Random Walk and
Linear Random Walk. Lower mean rank values indicate better model
performance. AUC essentially represents the probability that a ran-
domly selected benchmark node ranks higher than a randomly selected
non-benchmark node. To calculate the AUC, we control for N indepen-
dent comparisons of rankings between benchmark and non-benchmark
nodes, recording N’ as the number of times the ranking of benchmark
nodes exceeds that of non-benchmark nodes, and N” as the number of
times their rankings are the same. The AUC is then defined as follows:

N +05N"

AUC = — 6)

The range of AUC is between 0.5 and 1.0, with higher values indicat-
ing a stronger ability to rank benchmark nodes in higher positions. The
comparison results are shown in Table 2.

It is evident that our proposed Nonlinear Random Walk outperforms
both the Classical Random Walk and the Linear Random Walk in terms
of both mean rank and AU C, indicating that this model can more accu-
rately identify and evaluate scientists with high academic influence. This
advantage stems from the fact that the nonlinear model, by introducing
a nonlinear transition mechanism, better captures the differences in col-
laboration strength and heterogeneous features in academic networks,
thereby enabling scientists with truly significant academic contributions
to achieve higher rankings.

To validate the effectiveness of different random walk models in
identifying critical nodes, we conduct node removal experiments across
all three datasets. This approach provides a robust evaluation frame-
work that does not rely on ground truth labels. The rationale is that if
a model can accurately identify nodes that are crucial to the network
structure, removing these top-ranked nodes should cause the network
to disintegrate or lose connectivity more rapidly compared to removing
randomly selected or lower-ranked nodes. In hypergraph structures, crit-
ical nodes typically serve as bridges connecting multiple communities,

coordinating information flow across different groups, and maintaining
the overall connectivity of the network. Therefore, the removal of such
nodes would precipitate rapid network fragmentation, making node re-
moval experiments particularly well-suited for evaluating the ability of
models to identify structurally important nodes.

We ranked the stationary distributions obtained from the three ran-
dom walk models in descending order, and sequentially removed differ-
ent proportions of top-ranked nodes according to the rankings. When
removing a node, we simultaneously deleted all hyperedges contain-
ing that node to simulate the cascading effect of node removal on
the network structure. For each removal proportion p, we calculated
three structural integrity metrics of the remaining hypergraph. We mea-

sured the relative size of the giant connected component R(p), defined
Ngce(p)
proportions, where N, .(p) is the number of nodes in the giant con-
nected component of the remaining network, N,.,,,inine(p) is the total
number of remaining nodes after removal, and N is the total number of
nodes in the original hypergraph. This metric reflects the overall con-
nectivity of the hypergraph. We also tracked the number of connected
components N, .(p), which directly reflects the degree of network frag-

mentation. Additionally, we computed the average size of connected

for convenient cross-comparison across different removal

remaining (P)

- N .
components S(p) = Ny which reflects the average scale of net-

work fragments.

Fig. 4 illustrates the performance of node removal experiments on
the APS dataset based on node importance rankings derived from three
random walk models and hyperdegree centrality (HD). Notably, the
node rankings based on hyperdegree centrality are highly similar to
those obtained from the CRW model, resulting in nearly overlapping per-
formance curves in the figure. This similarity is theoretically expected,
as in classical random walks on hypergraphs, a node’s stationary dis-
tribution is proportional to its degree in the projected graph, which
directly relates to its hyperdegree. This observation suggests that de-
spite different computational approaches, hyperdegree centrality and
CRW essentially capture similar structural properties of nodes in hy-
pergraphs. At very small removal fractions (p < 0.03), NRW exhibits
only slightly better performance than CRW across all three metrics, with
both R(p) and S(p) declining rapidly while N, (p) increases sharply. In
contrast, LRW performs significantly worse. As the removal fraction in-
creases (p > 0.04), the superiority of NRW over CRW becomes increas-
ingly evident. NRW consistently demonstrates the strongest network dis-
ruption capability. When p = 0.10, R(p) for the NRW drops to approxi-
mately 0.03, nearly dismantling the giant component entirely, whereas
CRW maintains R(p) at around 0.08, and LRW at 0.28, showing sub-
stantially weaker disruption capability. Moreover, N,.(p) for the NRW
reaches approximately 150,000, indicating that the hypergraph has
largely fragmented into isolated nodes or minimal components. Further-
more, S(p) also reaches its lowest level, further validating its precision in



M. Lietal

x 10*

Reliability Engineering and System Safety 273 (2026) 112307

R(p)
Nelp)

0.02 0.04 0.06 0.08 0.10 0.02 0.04

p

0.06 0.08 0.10 0.02 0.04 0.06 0.08 0.10
P P
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Fig. 5. Heatmaps showing the performance of node removal experiments on Email and Geometry datasets. The three structural integrity metrics R(p), N,.(p), and
S(p) are evaluated for Classical, Linear, and Nonlinear random walk models across different removal fractions p. (a-c) Results for the Email dataset; (d-f) Results for

the Geometry dataset. Numbers in cells represent metric values.

identifying critical nodes. These results demonstrate that nodes identi-
fied by the Nonlinear Random Walk are indeed critical to network ro-
bustness, as their removal triggers the most severe structural collapse.

For the Email and Geometry datasets, we employ heatmaps to visu-
alize the results in Fig. 5. Across both datasets, the NRW consistently
outperforms the CRW and LRW models across all three structural in-
tegrity metrics. For the Email dataset, the NRW achieves the most rapid
decline in R(p), the highest network fragmentation in N, (p), and the
smallest average component sizes in S(p), demonstrating superior abil-
ity to identify critical nodes. The Geometry dataset exhibits extreme
vulnerability to critical node removal, revealing its inherently fragile
structural robustness. As shown in Fig. 5 (d)-(f), R(p) values drop pre-
cipitously across all models, while N, (p) values are substantially higher,
indicating that removing even small proportions of nodes causes rapid
connectivity loss and highly fragmented network structure.

Across the three datasets examined, the Nonlinear Random Walk
model shows consistently better performance in identifying critical
nodes essential for maintaining network structural integrity. This en-
hanced performance stems from its ability to capture higher-order in-
teractions within hypergraph structures, enabling the identification of
nodes occupying strategically significant positions in the network. Our
node removal experiments not only validate the effectiveness of the
proposed importance measure but also reveal the intrinsic connection
between network vulnerability and structural centrality. Specifically,
high-centrality nodes identified by the Nonlinear Random Walk model

correspond precisely to critical vulnerability points—when these nodes
are removed, the network suffers the most severe structural damage.
In contrast, the Classical Random Walk demonstrates moderate perfor-
mance that deteriorates with increasing removal fractions, while the
Linear Random Walk exhibits relatively limited effectiveness across all
datasets. These comparative results indicate that nonlinear character-
istics in higher-order interactions effectively capture structural depen-
dencies influencing network robustness, providing new insights into vul-
nerability patterns of complex networks and theoretical foundations for
strategies aimed at enhancing structural stability.

5. Conclusion

Considerable efforts have been devoted to investigating higher-order
interactions in complex systems. Here we introduce and systematically
study a Nonlinear Random Walk on hypergraphs that account for higher-
order interactions. We go beyond the linear assumption inherent in tra-
ditional random walks by introducing a nonlinear mapping between
transition probabilities and node hyperdegrees. Specifically, the prob-
ability of a node selecting a hyperedge is inversely proportional to a
power function of its hyperdegree, where the exponent is determined
by the interaction order. This design enables a more realistic characteri-
zation of dynamical behavior in systems with higher-order interactions.
We prove the existence of the stationary distribution for the proposed
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nonlinear random walk, thereby establishing a solid mathematical foun-
dation for the model.

We conduct extensive numerical experiments on both synthetic and
real-world networks. First, by constructing star-clique hypergraph struc-
tures, we perform a qualitative analysis of the stationary distribu-
tion and mean first hitting time obtained from our Nonlinear Random
Walk model, and systematically compare them with those from the
Classical Random Walk and Linear Random Walk models. The results
demonstrate that the stationary distribution and mean first hitting time
from our model differ significantly from those obtained by these two
methods, fully revealing the fundamental impact of higher-order inter-
actions on system dynamics. Furthermore, we apply this framework to
three large-scale datasets to validate the effectiveness of the model from
two perspectives. First, in the APS dataset, we compare the ranking per-
formance of the three random walk models based on their stationary
distributions using benchmark nodes. The results show that our NRW
achieves the highest mean ranking for Nobel laureates, demonstrating
its superior capability in identifying scientists with significant academic
influence. Subsequently, we conduct node removal experiments across
all three datasets. The results demonstrate that the proposed model
more precisely identifies nodes crucial to network structural integrity,
whereas the LRW performs poorly. These findings support the practical
utility of the nonlinear random walk model and suggest its potential to
guide resource allocation in network protection strategies, contributing
to resilience research.

Looking ahead, this framework provides several directions for future
research. On one hand, applying this model to diverse real-world net-
works may reveal novel phenomena driven by higher-order interactions,
deepening our understanding of complex systems where group interac-
tions are prevalent. On the other hand, the nonlinear framework pro-
vides a foundation for investigating more complex dynamical processes
on hypergraphs, such as epidemic spreading, opinion dynamics, and
synchronization phenomena. Furthermore, extending this approach to
temporal hypergraphs and multilayer structures could yield additional
insights into the interplay between network topology and dynamics.
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